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A method is presented for shaping a booster trajectory to minimize the sensitivity of termi-
nal constraints to variations in vehicle or atmosphere parameters. The unique feature of
the problem is that the payoff function depends not only on the state variables and the con-
trols, but also on the adjoint variables (Lagrange multipliers). In order to apply the gradient
optimization technique, two new sets of differential equations must be integrated. An ex-
ample, using the Scout booster, is given in which it is shown that the sensitivity of terminal
altitude to variations in first stage burn rate can be reduced by 50%.

Nomenclature

/ = vector of derivatives of state variables
P = vector of system variables
q — vector of system parameters
t = time
T = thrust
x — vector of state variables
a. = vector of control variables
0 = thrust attitude angle
X = vector of adjoint variables associated with the altitude

constraint
\t = vector of adjoint variables associated with constraint ^
Ap = influence coefficient relating P to ^
AP = influence coefficient relating a to <p
fj, = vector of adjoint variables associated with X^
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<p

— vector of adjoint variables associated with the sensitivity
payoff

= vector of control parameters
— sensitivity payoff

Superscripts
f = final
i = initial
T — transpose

Subscripts
n — nominal
p — perturbed

Introduction

THE advent of the high-speed digital computer, together
with the development of the gradient method of trajec-

tory optimization, has made it possible to rapidly determine
the maximum performance of booster vehicles. In many
cases, however, the capability of the booster exceeds the
mission requirements. The payload to be placed in orbit,
for example, may weigh considerably less than the maximum
payload that the booster can deliver into orbit. A variety
of trajectories will satisfy the mission requirement. It is
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logical to inquire whether the excess booster capacity can be
used to improve some characteristic of the trajectory.

In this paper, a method is presented for using the excess
booster capability to shape the trajectory in order to reduce
the sensitivity of the terminal constraints to variations in
booster or atmosphere parameters. This is particularly
important if an open-loop guidance system is being used
because there is no way to correct the pitch program to com-
pensate for nonstandard conditions.

Trajectory shaping to minimize sensitivity has been em-
ployed in Refs. 1 and 2. Leondes and Volgenau1 reduce the
impact error of a ballistic missile by finding a trajectory
which minimizes a weighted sum of the partial derivatives
of range with respect to the state variables at burnout. Their
payoff function is dependent only on the final values of the
state variables. A solution can therefore be found by using
one of the standard methods for solving the two-point bound-
ary value problem of the calculus of variations. They use
the Newton-Raphson method, and report a significant reduc-
tion in sensitivity. Watson and Stubberud2 attempt to re-
duce the effect of atmospheric density variations on the im-
pact point of an entry vehicle. They develop a differential
equation for the sensitivity of range to sea-level density and
treat this sensitivity as a state variable. Their optimization
scheme requires the guessing of adjoint variables. They
reported difficulty in converging to the optimal solution and
were not able to reduce the sensitivity significantly.

The gradient method is used here. Orbital injection con-
straints are satisfied while minimizing a payoff function
which is the sensitivity of a terminal constraint to a parameter
variation. The unique feature of this problem is that the
payoff function depends not only on the state variables and
the controls, but also on the adjoint variables (Lagrange
multipliers). In order to determine the influence of a control
change on the payoff, one must take into account the change
in the adjoint variables as well as the state variables. Linear
perturbation analysis leads to two new sets of differential
equations with associated boundary conditions. One set of
equations is integrated forward along with the state equations
while the other set is integrated backwards along with the
adjoint equations.

Analysis

The gradient method of optimization is to be used to reduce
error sensitivities. In order to apply this method, the linear
perturbation equation relating changes in the control vari-
ables to changes in the sensitivity must first be obtained.

The equations of motion for a trajectory can be repre-
sented in the form

x = f(x,a&P,q) (1)
The control and system variables are functions which in-

fluence the trajectory over a period of time, while the param-
eters affect the trajectory at only one time. Thrust attitude
and the length of a coast between powered stages are ex-
amples of a control variable and a control parameter, respec-
tively. The system variables and parameters are the quan-
tities which cause trajectory errors when they have non-
nominal values. The control variables, once they have been
determined, become system variables because an error in the
control is one of the major error sources. Thrust magnitude
and atmospheric density are other examples of system vari-
ables and the burn time of a stage is an example of a system
parameter.

In general, one will be interested in reducing the effect of
all the significant error sources on all of the important termi-
nal constraints. A discussion of this complete problem can
be found in Ref. 3. Here, the analysis will be simplified by
considering the effect of an error in only one system variable
on one terminal constraint. This simplification reduces the

complexity of the derivation without altering the essential
features of the problem.

The linear perturbation equation relating changes in a
system variable to changes in a terminal constraint can be
written as

= f *j u \pdPdt

where d\f/ is the change in the terminal constraint

(2)

(3)

\t is an n vector of adjoint variables which results from solv-
ing the set of differential equations

with boundary conditions

(4)

(5)

A derivation of this relation can be found in Ref. 4.
The change in the system variable 8P will be assumed con-

stant. The sensitivity of the constraint \// to the variable P
is thus given by

dP rjti (6)

The quantity <p is the payoff to be minimized, or maximized,
depending on its sign. <p is a function of #,a, and the adjoint
variables associated with the constraint \f/. The unique
feature of this payoff is the dependence on the adjoint vari-
ables. In order to determine the influence of the control
on the payoff, one must take into account the change in the
adjoint variables as well as the state variables.

The linear perturbation equation relating small changes in
the sensitivity payoff to changes in the control has the same
form as Eq. (2)

I (7)

The purpose of the derivation that follows is to determine
Ap, taking into account that <p is a function of the adjoint
variables. The approach is that of Ref. 5.

Form the quantity

Ffec,*,A*,X*,a) = Ap(s,X*,a) + vT(t}[f(x,a) - x] +
(8)

v(t) and ju(0 are n-vectors of adjoint variables or Lagrange
multipliers. F is just the integrand of Eq. (6) so that

Now, proceeding formally, the differential of <p is given by

<">
The term involving dx is integrated by parts to give

•d

Substituting for F from Eq. (8) yields

(*' 1>T8xdt (12)
Jti

where the superscripts i and / indicate values at times ti and

f if - dxdtJti \dx
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dtP
Fig. 1 Sketch of
thrust histories.

tf, respectively. Similarly the term involving 5X becomes

Ctf ^- 8\*dt = M / r^X^ - M irSA^ - ftf (iTd\tdt (13)
J ti OA^ J fc

After substituting Eqs. (12) and (13) in Eq. (10), one obtains

v and IJL are selected so that the coefficients of 8x and d X^ in-
side the integral are zero. This leads to the differential
equations

p = -(^F/ox)T (15)

A = (dF/d\t)T (16)
The boundary conditions for these equations are chosen so
that b(p is not a function of unknown quantities. The change
in the state at tf, 8xf, is unknown. Therefore, its coefficient
will be set to zero. This coefficient will involve /z'. Note
from Eq. (5) that

Substituting Eq. (17) into Eq. (14) and setting the coefficient
of dxf to zero leads to the boundary condition for v

The adjoint variables X^ are specified at the terminal time.
The change in the variables at ti is unknown. Therefore,
the boundary condition for /i is chosen to be

uiT = 0 (19)
The functions v and /z can be interpreted as sensitivities.
v(f) gives the change in <p due to a change in x at time t.
This is identical to the relation between X^ and \f/. p,(t) gives
the change in <p due to a change in \# at time t.

If Eqs. (15, 16, 18, and 19) are substituted into Eq. (14)
and dxi is assumed to be zero, then Eq. (14) reduces to

•7- dadtoa (20)

Comparing Eq. (20) with Eq. (7), it is seen that the desired
influence coefficient A^, is given by

T\t] (21)

How do the equations that have been derived here fit into
the gradient method of optimization? The initial conditions
for the equations involving JJL [Eq. (16)] are specified at ti.
These equations can, therefore, be integrated forward along
with the state equations. The initial conditions for the v
equations [Eq. (15)] are given at tf. These equations which
involve both /z and X^, are integrated backwards along with
the usual adjoint equations [Eq. (4) ]. A.v, which is a function
of V,IJL, and X^, is evaluated and stored along this backward
run. Ap is combined with the influence coefficients for the
terminal constraints in the usual manner and an expression
for d a which will reduce the payoff while meeting constraints
is obtained. Thus, the basic sequence of forward and back-

ward integration associated with the gradient method is
maintained. The only difference is that several additional
sets of differential equations must be integrated.

Numerical Example

The procedure described in the previous section will be
used to minimize the sensitivity of terminal altitude to first
stage burn rate for the Scout booster. The mission involves
placing a payload into a reentry trajectory. There are
terminal constraints on the altitude, flight-path angle, and
downrange location of re-entry. There is also a constraint
on dynamic pressure at the start of the second stage.

The Scout vehicle used for this mission has three stages.
The vehicle coasts between the powered stages and the length
of each of these coasts is a control parameter. Also, there
is no requirement that the third stage burn out at the desired
reentry point. Therefore, an adjustable coast is allowed
after the third stage. The thrust orientation angle, measured
with respect to an inertial coordinate system, is the control
variable.

Assumptions

In order to reduce the programing complexity, the follow-
ing simplifications have been made in the model: 1) motion
is restricted to two dimensions; 2) an exponential atmosphere
is used; 3) the lift coefficient is zero and the drag coefficient
is independent of Mach number; 4) the thrust and mass flow
rate in the first stage are constant.

Sensitivity Function

The payoff to be minimized is the sensitivity of terminal
altitude to first stage burn rate. An increase in the burn
rate implies an increase in the thrust and a decrease in the
burn time such that the product of thrust and burn time re-
main constant. The burn rate variation will be represented
as a thrust variation where it is understood that a one pound
increase in thrust goes along with a decrease in burn time
given by the ratio of the nominal burn time to the nominal
thrust. Let the nominal stage time be broken up into seg-
ments of length dtn. The thrust magnitude over each seg-
ment is Tn as shown in Fig. 1. When the thrust is increased
to the perturbed value Tp, the length of each segment is re-
duced to dtp.

The change in the terminal altitude, 8h(tf), due to the per-
turbed thrust over the interval dtn can be expressed as

dh(tf) = \Td(8x) (22)

where X is the vector of adjoint variables associated with the
altitude constraint and

d(dx) = xp(dtp) - xn(dtn) (23)

i.e., the difference between the perturbed trajectory variables
after time interval dtp and the nominal variables after time
dtn.

The'component of d(dx) due to increased thrust is found
by writing the differential of the trajectory equations (Eq. 1)

5x =

Over the time dtn, the change in x is

The burn time is changed by

dt = -(dtn/Tn)dT

(24)

(25)

(26)

If the rate of change of x is /, then d(dx) due to the reduced
burn time is

dXt) = -(f/Tn)dTdtn (27)



JULY 1971 REDUCTION OF LAUNCH VEHICLE INJECTION ERRORS 1231

The combined effect is found by adding Eqs. (25) and (27) to
give

d(8x) = (5//5!T - f/TnWdtn (28)
Substituting Eq. (28) into Eq. (22) yields

8h(tf) = X*W/dT - f/Tn)dTdtn (29)
The change over an entire stage is found by integrating Eq.
(29). The resulting sensitivity is

f f\
(30)

The AP of Eq. (6), then, is just

AP = (31)

The sensitivity given by Eq. (30) is the payoff in the
optimization procedure. In order to determine whether an
improvement in payoff has been achieved on a forward run,
Eq. (30) must be evaluated. Note, however, that it de-
pends on the adjoint variables evaluated along that trajectory.
These adjoint variables are not known until a backward
integration of the trajectory has been made. Therefore,
at the end of every forward run which meets terminal con-
straints, a special backward run is made to integrate the ad-
joint equations so that the payoff can be evaluated.

Variational Equations

The equations for p are obtained by substituting Eq. (8)
intoEq. (16). The result is

A = (d//dx)/i + (dAp/dX)r (32)
From Eq. (19), the initial conditions are seen to be

/*«*) = 0 (33)
fj, is a five-component vector with one component for each
of the state variables, y,7,r,r,m. d//da: is a 5 X 5 matrix.
The last term in Eq. (32) is added only during the first stage.
From Eq. (31) it is

(34)= (d//b!T - f/Tn)

From Eq. (15), the equations for v are

(35)
with boundary conditions from Eq. (18) equal to

v(t,) = 0 (36)
v is a five-component vector. The partial of AP with respect
to x is given by

The quantity in parentheses in the last term of Eq. (35) is
the second-order partial of the Hamiltonian with respect to
the state variables.

The influence coefficient relating the control 6 to the sensi-
tivity is given by substituting 6 for a in Eq. (21). The result
is

(38)

(39)

(40)

The matrices required to evaluate Eqs. (32-40) are given in
the Appendix.

The partial of AP with respect to 6 is given by

The final term in Eq. (38) can be written in the form

Adjustable Coasts

The length of the coast after each powered stage is an
adjustable parameter which must be optimized along with
the thrust attitude history. What influence does a change
in coast time have on the sensitivity? Referring to Eq.
(14) and using the sensitivity interpretations for v and ju, it is
seen that the influence of perturbations in x and X on <p is
given by

ftp = pTfix ~\- jj,T5\ (41)

where the superscripts of Eq. (14) have been dropped. If
the length of a coast is changed on a forward integration, a
5x will appear at the end of the coast of magnitude6

dx = x\tcjdt (42)
On the other hand, X is integrated backwards in time. A
change in coast length leads to a <5X at the beginning of the
coast given by

6X = -\\tcM (43)
The combined effect is obtained by substituting Eqs. (42)
and (43) into Eq. (41) to give

where tci and tcf represent the times at the beginning and end
of the coast. The quantity in parenthesis in Eq. (44) gives
the effect of a change in coast time on the sensitivity payoff.
This quantity is required to optimize the coast times along
with the thrust attitude history as shown in Ref. 6.

Results
A number of cases were run to determine the reduction in

sensitivity that can be obtained as the burnout weight is
lowered. First, it was determined that the maximum burn-
out weight for the re-entry mission is 1392 Ibs. The burnout
weight was then fixed at lower values ranging down to 1200
Ib and the sensitivity was minimized for each burnout weight.
As the burnout weight is lowered, larger changes in the
trajectory shape become possible and the sensitivity can be
reduced to a greater degree. The results are shown in Fig. 2.
It is seen that lowering the burnout weight from 1390 to 1200
Ib makes a 50% reduction in sensitivity possible. The
general trend of the trajectory shaping is to steepen the
trajectory as shown in the altitude-range profiles in Fig. 3.
The initial trajectory is similar to the maximum burnout
weight trajectory. The control history for the maximum
burnout case was used as the nominal control history for
the 1200 Ib case. The initial trajectory is the first trajectory
in the sequence of iterations that satisfies all the terminal
constraints. It should be noted that the sensitivity for the
initial trajectory is 42.3, which is almost as high as the sensi-
tivity for the maximum weight case. This indicates that
the reduction iin sensitivity is due to shaping the trajectory
and not merely to lowering the burnout weight.

The sensitivities plotted in Fig. 2 come from evaluating
the integral in Eq. (30). To check this integral, the burn
rate was perturbed for the two trajectories in Fig. 3 and the
change in terminal altitude was observed. A comparison of
the integral and the perturbation evaluation of sensitivity
is shown in Table 1. The agreement between the two calcu-
lations is good.

It is interesting to note that the trajectory that minimizes
the altitude sensitivity also reduces the sensitivity of the
other terminal constraints to burn rate changes. The effect
of a 400-lb change in thrust on the terminal constraints for
the two trajectories in Fig. 3 is shown in Table 2.

Conclusions
There are two conclusions to be drawn from this study:

1) trajectory shaping can significantly reduce the sensitivity
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Fig. 2 Minimum sensitivity as a function of burnout
weight.

of terminal constraints to variations in system parameters;
and 2) the gradient method of optimization can be used to
find the minimum sensitivity trajectory. In view of the
success achieved in minimizing the sensitivity to one error
source, it would seem fruitful to apply this method to a
problem in which all the major error sources are included
simultaneously.

Appendix: Equations of Motion and Matrices

The equations of motion in the coordinate system shown
in Fig. 4 are

F = v = -0 sin7 + (T/m)(Cn cos0 + C23 sin0) - D/m

G = 7 = (v/r - g/v) COST + (T/mv)(Cv cos0 + C33 sin0)
7 = r = v sin7, K = r = v cosy/r, N = m = — T/goI8p

where
C22 — COST 0087 + sinr sin7, C33 = C22

C23 = —sinr 0057 + COST sin7, C32 = — C23

D = %pv2CDA, CD independent of Mach number

p = pQe~e\ ^ = x/23000

/ is a column vector given by

The partial derivative matrix of / with respect to x is

dv dr dr

dv d7 dr

T £ °Ov oy

dr

0

dv d7 dr

dm

dm

0

0

0 0 0

The partial derivatives of/ with respect to T are
00

The second-order partial of / with respect to the vector
x and the scalar T is found by taking the partial of each term
in c)//d# with respect to T.

~0
GTv

0
0
0

FTy

GTy

0
0
0

0
0
0
0
0

FTr

GTr

0
0
0

FTm

GT™
0
0
0

The second-order partial of the Hamiltonian is

800,000

INITIAL TRAJECTORY
MINIMUM SENSITIVITY TRAJECTORY
BURNOUT WEIGHT = 1200 Ib

100,000H -STAGE 2 IGNITION

-STAGE 1 BURNOUT

40 80 120 160 200 240 280 320 360 400 440 480 520 560
RANGE (nm)

Fig. 3 Com parison of initial and minimum
sensitivity trajectories.
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Table 1 Sensitivity evaluation

Integral Perturbations

Initial trajectory
Minimum sensitivity

trajectory

42.3
18.9

43.2
17.3

The term in brackets is a column vector. Each component
of the vector is converted to a row when the partial with
respect to the state vector is taken. The components of Hxx
can be written as

[X]

Hvv

HVy

Hvr

HVT

Hvm

Hyy

Hyr

HyT

tiyrn

~ Hr,~

Hrr

_HTm_

=

=

ET rir w VTvv

0 GVy

Fvr Gvr

o ^vr
Fvm Gvm

~Fyy Gyy
777 ri
f yr (jryr

F /7
yr VTyr

_Fym Gym

>rr Grr

F ri
rr vrr

Frm Grm

[ u ~i r* j? r*ff"l = rrr G-
TT 1 1 7J7 /°f

0
J-Vy

0
0
0

1 yy

0
0
0

0
0
0

0
0

0
KVy

Kvr

0
0

Kyy

Kyr

0
0

Krr

0

0

0

0

o"
0
0
0
0

o"
0
0
o.

o"
0
0

o]

[X]

[X]

[Hmm] = [Fmm Gmm 0 . 0 0] [X]
The partial of / with respect to 0 is

i 0 0 0 ]

Table 2 Perturbations in terminal constraints

Constraint

Altitude, ft
Flight path angle, deg
Velocity, fps
Range, naut miles

Initial
trajectory

17276
0.08

-59.6
-2.3

Minimum
sensitivity
trajectory

6901
0.02

-28.3
-1.5

Fig. 4 Coordinate system for
equations of motion.

The second-order partial of / with respect to the scalars T
and 6 is

d2//dTd0 = [(d2F/dTd0)(d2<2/dTd0) 0 0 0 ]
The second-order partial of / with respect to x and 0 is

found by taking the derivative of each component of
with respect to 0

"o
Gev
0
0
0

F9y

G$y

0
0
0

Fer
Ger
0
0
0

Fer
Ger
0
0
0

Fem
Gem

0
0
0

The components of these matrices are given in Ref. 3.
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